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THE UNIFIED METHOD: III NON-LINEARIZABLE PROBLEMS ON
THE INTERVAL
J. LENELLS AND A. S. FOKAS
Abstract. Boundary value problems for integrable nonlinear evolution PDEs for-
mulated on the finite interval can be analyzed by the unified method introduced
by one of the authors and used extensively in the literature. The implementation
of this general method to this particular class of problems yields the solution in
terms of the unique solution of a matrix Riemann-Hilbert problem formulated in
the complex k-plane (the Fourier plane), which has a jump matrix with explicit
(x, t)-dependence involving six scalar functions of k, called spectral functions. Two
of these functions depend on the initial data, whereas the other four depend on all
boundary values. The most difficult step of the new method is the characterization
of the latter four spectral functions in terms of the given initial and boundary data,
i.e. the elimination of the unknown boundary values. Here, we present an effective
characterization of the spectral functions in terms of the given initial and boundary
data. We present two different characterizations of this problem. One is based on
the analysis of the so-called global relation, on the analysis of the equations ob-
tained from the global relation via certain transformations leaving the dispersion
relation of the associated linearized PDE invariant, and on the computation of the
large k asymptotics of the eigenfunctions defining the relevant spectral functions.
The other is based on the analysis of the global relation and on the introduction
of the so-called Gelfand-Levitan-Marchenko representations of the eigenfunctions
defining the relevant spectral functions. We also show that these two different char-
acterizations are equivalent and that in the limit when the length of the interval
tends to infinity, the relevant formulas reduce to the analogous formulas obtained
recently for the case of boundary value problems formulated on the half-line.
AMS Subject Classification (2000): 37K15, 35Q55.
Keywords: Initial-boundary value problem, Dirichlet to Neumann map, nonlinear Schro¨dinger
equation.
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2 J. LENELLS AND A. S. FOKAS
1. Introduction
This is the third in a series of papers addressing the most difficult problem in the
analysis of integrable nonlinear evolution PDEs, namely the problem of expressing
the so-called spectral functions in terms of the given initial and boundary conditions.
In [9] this problem was analyzed for the case of the half-line. In [10] the same problem
was also analyzed with the aid of the so-called Gelfand-Levitan-Marchenko (GLM)
representations. Here we analyze this problem for the case of the finite interval.
We refer the interested reader to [9] for an introduction to the unified method
of [4, 5, 7] and for a discussion of the difference between linearizable versus non-
linearizable boundary value problems. Here, we only note that the unified method
expresses the solution q(x, t) of an integrable evolution PDE in terms of an integral
formulated in the complex k-plane. This representation is similar to the integral
representation obtained by the new method for the linearized version of the given
nonlinear PDE, but it also contains the entries of a certain matrix-valued function
M(x, t, k), which is the solution of a matrix Riemann-Hilbert (RH) problem. The
main advantage of the new method is the fact that this RH problem involves a jump
matrix with explicit (x, t)-dependence, uniquely defined in terms of the spectral func-
tions. For the problem on the interval, there exist six spectral functions denoted by
{a(k), b(k), A(k), B(k),A(k),B(k)}. The functions {a(k), b(k)} are defined in terms
of the initial data q0(x) = q(x, 0) via a system of linear Volterra integral equations;
the functions {A(k), B(k)} and {A(k),B(k)} are defined in terms of the boundary
values at x = 0 and x = L respectively, also via systems of linear Volterra integral
equations. However, the integral equations defining {A(k), B(k)} and {A(k),B(k)}
involve all boundary values, whereas for a well-posed problem only a subset of these
boundary values can be prescribed as boundary conditions. Thus, the complete so-
lution of a concrete initial-boundary value problem requires the characterization of
{A(k), B(k),A(k),B(k)} in terms of the given initial and boundary conditions. For
example, for the Dirichlet problem of the NLS on the interval, 0 < x < L, it is nec-
essary to characterize {A(k), B(k),A(k),B(k)} in terms of q0(x), g0(t) := q(0, t), and
h0(t) = q(L, t).
A characterization of the spectral functions is called effective if it fulfills the fol-
lowing requirements: (a) In the linear limit, it yields an effective solution of the
linearized boundary value problem, i.e. it yields a solution in the form of an integral
which involves the transforms of the given initial and boundary conditions. (b) For
‘small’ boundary conditions, it yields an effective perturbative scheme, i.e. it yields an
expression in which each term can be computed uniquely in a well-defined recursive
scheme.
The effective characterization presented here is based on the construction of the
generalized Dirichlet to Neumann map, i.e. on the characterization of the unknown
boundary values in terms of the given initial and boundary conditions. This char-
acterization employs the same three ingredients introduced in [9] for the analogous
problem on the half-line: (a) The computation of the large k asymptotics of the eigen-
functions Φ(t, k) and ϕ(t, k) defining {A(k), B(k)} and {A(k),B(k)} respectively. (b)
The analysis of the so-called global relation and of the equations obtained from the
global relation under the transformations which leave invariant the dispersion relation
of the associated linearized equation. (c) The construction of a perturbative scheme
for establishing effectiveness.
This paper is organized as follows: In section 2 we review the main results of
[8]. In section 3, by employing the ingredients (a)-(c) mentioned earlier, we analyze
both the Dirichlet and the Neumann problems of the NLS on the finite interval
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with zero initial conditions. In the former case we express {g1(t) = qx(0, t), h1(t) =
qx(L, t)} in terms of {g0(t), h0(t)}, whereas in the latter case we express {g0(t), h0(t)}
in terms of {g1(t), h1(t)}. Furthermore, in section 3 we show that as L → ∞, the
formulas for g1 and g0 respectively, coincide with the analogous formulas obtained
in [9]. In section 4 we analyze the same problems, but we now express the unknown
boundary values in terms of the GLM representations. In this connection we correct
the expressions for {g1(t), h1(t)} in terms of the GLM representations presented in
[8]. Furthermore, in section 4 we establish the equivalence of the formulas obtained
directly (i.e. the formulas obtained in section 3) with the formulas obtained via the
GLM representations (i.e. the formulas presented in section 4).
We emphasize that for problems on the finite interval it is necessary to employ
all three ingredients mentioned earlier. In particular, the asymptotics of Φ(t, k) and
ϕ(t, k) yield several possible formulas for the unknown boundary values, so it is ab-
solutely necessary to employ the ingredient (c) in order to choose the one that yields
an effective solution. As a warning, we present in appendix C a particular set of
formulas for {g1(t), h1(t)} which do not yield an effective solution.
2. Preliminaries
We consider the NLS equation on the interval [0, L]:
iqt + qxx − 2λ|q|2q = 0, λ = ±1, 0 < x < L, 0 < t < T, (2.1)
where L > 0 is the length of the interval and T > 0 is a fixed finite time. We let g0(t)
and h0(t) denote the Dirichlet boundary values of q(x, t), whereas g1(t) and h1(t)
denote the Neumann boundary values:
q(0, t) = g0(t), q(L, t) = h0(t), qx(0, t) = g1(t), qx(L, t) = h1(t). (2.2)
2.1. Bounded and analytic eigenfunctions. In what follows we present a sum-
mary of the results obtained in [8].
The Lax pair of (2.1) can be written in differential form as
d
(
ei(kx+2k
2t)σˆ3µ(x, t, k)
)
= W (x, t, k), (2.3)
where k ∈ C is the spectral parameter, the closed 1-form W is defined by
W (x, t, k) = ei(kx+2k
2t)σˆ3(Qdx+ Q˜dt)µ, σ3 =
(
0 1
1 0
)
, (2.4)
Q =
(
0 q
λq¯ 0
)
, Q˜ = 2kQ− i(Qx + λ|q|2)σ3,
and σˆ3A = [σ3, A]. We define four eigenfunctions {µj}41 by integrating from the four
corners of the domain {0 < x < L, 0 < t < T}:
µj(x, t, k) = I +
∫ (x,t)
(xj ,tj)
e−i(kx+2k
2t)σˆ3Wj(x
′, t′, k), (2.5)
where Wj is the differential form defined in (2.4) with µ replaced by µj and {(xj , tj)}41
denote the points (0, T ), (0, 0), (L, 0), and (L, T ), respectively, see figure 1. The
spectral functions {a(k), b(k), A(k), B(k),A(k),B(k)} are defined for k ∈ C by
s(k) =
(
a(k¯) b(k)
λb(k¯) a(k)
)
, S(k) =
(
A(k¯) B(k)
λB(k¯) A(k)
)
, SL(k) =
(
A(k¯) B(k)
λB(k¯) A(k)
)
,
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(1)
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(4)
Figure 1. The contours used to define {µj}41.
where
s(k) := µ3(0, 0, k), S(k) := µ1(0, 0, k), SL(k) := µ4(L, 0, k).
We also introduce the functions {Φ1,Φ2, ϕ1, ϕ2} as follows:
µ2(0, t, k) =
(
Φ2(t, k¯) Φ1(t, k)
λΦ1(t, k¯) Φ2(t, k)
)
, µ3(L, t, k) =
(
ϕ2(t, k¯) ϕ1(t, k)
λϕ1(t, k¯) ϕ2(t, k)
)
. (2.6)
Let {Dj}41 denote the four quadrants of the complex k-plane. Then,
• a(k) and b(k) are entire functions of k which are bounded in D1 ∪D2.
• A(k), B(k), A(k), B(k) are entire functions of k which are bounded for k ∈
D1 ∪D3.
• Φ1(t, k), Φ2(t, k), ϕ1(t, k), ϕ2(t, k) are entire functions of k which are bounded
for k ∈ D2 ∪D4.
2.2. The global relation. The eigenfunctions {Φj , ϕj}21 satisfy the following global
relation:
c(t, k) = Φ2(t, k¯)
[
b(k)ϕ2(t, k¯)e
−4ik2t − a(k¯)ϕ1(t, k)e2ikL
]
(2.7)
+ Φ1(t, k)
[
a(k)ϕ2(t, k¯)− λb(k¯)ϕ1(t, k)e4ik2t+2ikL
]
, k ∈ C,
where c(t, k) is an entire function of k such that
c(t, k) = O
(
1 + e2ikL
k
)
, k →∞, k ∈ C. (2.8)
Indeed, for each t ∈ (0, T ), let R(x, t, k) be the solution of the x-part of the Lax pair
of (2.1) such that R(L, t, k) = I, i.e. R is the unique solution of the Volterra integral
equation
R(x, t, k) = I +
∫ x
L
eik(x
′−x)σˆ3(QR)(x′, t, k)dx, 0 < x < L. (2.9)
It follows that R is related to µ3 by
R(x, t, k) = µ3(x, t, k)e
ik(L−x)σˆ3µ−13 (L, t, k). (2.10)
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Since
µ3(x, t, k) = µ2(x, t, k)e
−i(kx+2k2t)σˆ3s(k),
this yields
R(x, t, k) = µ2(x, t, k)
[
e−i(kx+2k
2t)σˆ3s(k)
]
eik(L−x)σˆ3µ−13 (L, t, k). (2.11)
Evaluating the (12) entry of (2.11) at x = 0 and recalling the definitions (2.6) of
{Φj , ϕj}21, we find (2.7) with c(t, k) := R12(t, k). It follows from (2.9) that c(t, k) is
an entire function satisfying (2.8).
In the case of vanishing initial data, the global relation (2.7) reduces to
c = Φ1ϕ¯2 − Φ¯2ϕ1e2ikL. (2.12)
2.3. Asymptotics. Integration by parts in (2.5) shows that
Φ1(t, k) =
Φ
(1)
1 (t)
k
+
Φ
(2)
1 (t)
k2
+O
( 1
k3
)
+O
(e−4ik2t
k
)
, k →∞, k ∈ D2 ∪D4,
Φ2(t, k) = 1 +
Φ
(1)
2 (t)
k
+O
( 1
k2
)
, k →∞, k ∈ D2 ∪D4, (2.13)
ϕ1(t, k) =
ϕ
(1)
1 (t)
k
+
ϕ
(2)
1 (t)
k2
+O
( 1
k3
)
+O
(e−4ik2t
k
)
, k →∞, k ∈ D2 ∪D4,
ϕ2(t, k) = 1 +
ϕ
(1)
2 (t)
k
+O
( 1
k2
)
, k →∞, k ∈ D2 ∪D4,
where
Φ
(1)
1 (t) =
g0(t)
2i
, Φ
(2)
1 (t) =
g1(t)
4
+
g0(t)
2i
∫ (0,t)
(0,0)
ω, Φ
(1)
2 (t) =
∫ (0,t)
(0,0)
ω, (2.14)
ϕ
(1)
1 (t) =
h0(t)
2i
, ϕ
(2)
1 (t) =
h1(t)
4
+
h0(t)
2i
∫ (L,t)
(L,0)
ω, ϕ
(1)
2 (t) =
∫ (L,t)
(L,0)
ω,
and the closed one-form ω is defined by
ω =
λ
2
[−i|q|2dx+ (q¯qx − qq¯x)dt] .
In particular, we find the following expressions for the boundary values:
g0(t) = 2iΦ
(1)
1 (t), h0(t) = 2iϕ
(1)
1 (t), (2.15a)
g1(t) = 4Φ
(2)
1 (t) + 2ig0Φ
(1)
2 (t), h1(t) = 4ϕ
(2)
1 (t) + 2ih0ϕ
(1)
2 (t), 0 < t < T.
(2.15b)
We will also need the asymptotics of c.
Lemma 2.1. The global relation (2.7) implies that
c(t, k) =
Φ
(1)
1 (t)
k
+
Φ
(2)
1 (t) + Φ
(1)
1 (t)
(
a(1) + ϕ¯
(1)
2 (t)
)
k2
+O
( 1
k3
)
(2.16)
−
[
ϕ
(1)
1 (t)
k
+
ϕ
(2)
1 (t) + ϕ
(1)
1 (t)
(
a¯(1) + Φ¯
(1)
2 (t)
)
k2
+O
( 1
k3
)]
e2ikL,
k →∞, k ∈ D1 ∪D3,
where a(1) =
∫ (0,0)
(L,0) ω.
Proof. See appendix B. 2
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Remark 2.2. We emphasize that the proof of lemma 2.1 does not require the knowl-
edge of the explicit form of c(t, k); it only requires the existence of an entire function
c(t, k) satisfying (2.7) and (2.8).
3. The Dirichlet and Neumann problems
We will use the following notations:
• For j = 1, . . . , 4, ∂Dj denotes the boundary of the j’th quadrant Dj , oriented
so that Dj lies to the left of ∂Dj .
• ∂D03 denotes the contour obtained by deforming the contour ∂D3 so that
it passes below the zeros of ∆(k) in R≤0, i.e. below the set
{−npi2L ∣∣n =
0, 1, 2, . . .
}
. Moreover, we let ∂D01 = −∂D03.
• The functions f+(k) and f−(k) denote the following even and odd combina-
tions of the function f(k):
f+(k) = f(k) + f(−k), f−(k) = f(k)− f(−k), k ∈ C.
• ∆(k) and Σ(k) are defined by
∆(k) = e2ikL − e−2ikL, Σ(k) = e2ikL + e−2ikL.
The following theorem expresses the spectral functions {A(k), B(k),A(k),B(k)} in
terms of the given boundary data via the solution of a system of nonlinear integral
equations. For simplicity, we assume that q0(x) vanishes identically.
Theorem 3.1. Let T <∞ and let q0(x) = 0 for x ≥ 0. For the Dirichlet problem it
is assumed that the functions g0(t) and h0(t), 0 ≤ t < T , have sufficient smoothness
and are compatible with the initial data. For the Neumann problem it is assumed
that the functions g1(t) and h1(t), 0 ≤ t < T , have sufficient smoothness and are
compatible with the initial data.
Then the spectral functions {A,B,A, B} are given by
A(k) = Φ2(T, k¯) B(k) = −Φ1(T, k)e4ik2T , (3.1a)
A(k) = ϕ2(T, k¯) B(k) = −ϕ1(T, k)e4ik2T , k ∈ C, (3.1b)
where the complex-valued functions {Φj(t, k), ϕj(t, k)}21 satisfy the following system
of nonlinear integral equations:
Φ1(t, k) =
∫ t
0
e4ik
2(t′−t)[−iλ|g0|2Φ1 + (2kg0 + ig1)Φ2](t′, k)dt′, (3.2a)
Φ2(t, k) = 1 + λ
∫ t
0
[
(2kg¯0 − ig¯1)Φ1 + i|g0|2Φ2
]
(t′, k)dt′, (3.2b)
ϕ1(t, k) =
∫ t
0
e4ik
2(t′−t)[−iλ|h0|2ϕ1 + (2kh0 + ih1)ϕ2](t′, k)dt′, (3.2c)
ϕ2(t, k) = 1 + λ
∫ t
0
[
(2kh¯0 − ih¯1)ϕ1 + i|h0|2ϕ2
]
(t′, k)dt′, 0 < t < T, k ∈ C.
(3.2d)
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(a) For the Dirichlet problem, the unknown Neumann boundary values g1(t) and
h1(t) are given by the following expressions:
g1(t) =
4
pii
∫
∂D03
{
Σ(k)
2∆(k)
[kΦ1−(t, k) + ig0(t)]− 1
∆(k)
[kϕ1−(t, k) + ih0(t)]
+
g0(t)
4i
ϕ2−(t, k) +
ig0(t)
2
Φ2−(t, k)
+
k
∆(k)
[
(ϕ2(t, k¯)− 1)Φ1(t, k)e−2ikL − ϕ1(t, k)(Φ2(t, k¯)− 1)
]
−
}
dk
(3.3a)
and
h1(t) =
4
pii
∫
∂D03
{
− Σ(k)
2∆(k)
[kϕ1−(t, k) + ih0(t)] +
1
∆(k)
[kΦ1−(t, k) + ig0(t)]
+
h0(t)
4i
Φ2−(t, k) +
ih0(t)
2
ϕ2−(t, k)
+
k
∆(k)
[
(ϕ2(t, k¯)− 1)Φ1(t, k)− ϕ1(t, k)(Φ2(t, k¯)− 1)e2ikL
]
−
}
dk.
(3.3b)
(b) For the Neumann problem, the unknown boundary values g0(t) and h0(t) are
given by the following expressions:
g0(t) =
2
pi
∫
∂D03
1
∆(k)
{
Σ(k)
2
Φ1+(t, k)− ϕ1+(t, k) (3.4a)
+
[
Φ1(t, k)(ϕ2(t, k¯)− 1)e−2ikL − (Φ2(t, k¯)− 1)ϕ1(t, k)
]
+
}
dk
and
h0(t) =
2
pi
∫
∂D03
1
∆(k)
{
−Σ(k)
2
ϕ1+(t, k) + Φ1+(t, k) (3.4b)
+
[
(ϕ2(t, k¯)− 1)Φ1(t, k)− e2ikL(Φ2(t, k¯)− 1)ϕ1(t, k)
]
+
}
dk.
Proof. Equations (3.1) and (3.2) follow from the definitions and (2.5).
(a) In order to derive (3.3a) we note that the first of equations (2.15b) expresses
g1 in terms of Φ
(1)
2 and Φ
(2)
1 . Furthermore, equations (2.13) and Cauchy’s theorem
imply
− ipi
2
Φ
(1)
2 (t) =
∫
∂D2
[Φ2 − 1]dk =
∫
∂D4
[Φ2 − 1]dk (3.5)
and
− ipi
2
Φ
(2)
1 (t) =
∫
∂D2
[
kΦ1 − Φ(1)1
]
dk =
∫
∂D4
[
kΦ1 − Φ(1)1
]
dk. (3.6)
Thus,
ipiΦ
(1)
2 (t) = −
(∫
∂D2
+
∫
∂D4
)
[Φ2 − 1]dk =
(∫
∂D3
+
∫
∂D1
)
[Φ2 − 1]dk (3.7)
=
∫
∂D3
[Φ2(t, k)− 1]dk −
∫
∂D3
[Φ2(t,−k)− 1]dk =
∫
∂D3
Φ2−(t, k)dk
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and
ipiΦ
(2)
1 (t) =
(∫
∂D3
+
∫
∂D1
)[
kΦ1 − Φ(1)1
]
dk =
∫
∂D3
[
kΦ1 − Φ(1)1
]
−dk
=
∫
∂D03
{
kΦ1 − Φ(1)1 +
2e−2ikL
∆
[
kΦ1 − Φ(1)1
]}
−
dk + I(t)
=
∫
∂D03
{
kΣΦ1
∆
− Σ
∆
Φ
(1)
1
}
−
dk + I(t), (3.8)
where the function I(t) is defined by
I(t) = −
∫
∂D03
{
2e−2ikL
∆
[
kΦ1 − Φ(1)1
]}
−
dk.
The last step involves using the global relation (2.12) to compute I(t):
I(t) =
∫
∂D03
{
−2e
−2ikL
∆
[
kc− Φ(1)1 −
Φ
(1)
1 ϕ¯
(1)
2
k
+ ϕ
(1)
1 e
2ikL
]}
−
dk
+
∫
∂D03
{
2e−2ikL
∆
Φ
(1)
1 ϕ¯
(1)
2
k
− 2
∆
[kϕ1 − ϕ(1)1 ]
}
−
dk (3.9)
+
∫
∂D03
2k
∆
[
Φ1(ϕ¯2 − 1)e−2ikL − (Φ¯2 − 1)ϕ1
]
−dk.
The asymptotics (2.16) of c(t, k) and Cauchy’s theorem imply that the first integral
on the rhs of (3.9) equals −ipiΦ(2)1 (t). Moreover, analogously to (3.7), we have the
identity
ipiϕ
(1)
2 (t) =
∫
∂D3
ϕ2−(t, k)dk. (3.10)
Using this identity, the fact that ϕ¯
(1)
2 = −ϕ(1)2 , and the expressions (2.14) for Φ(1)1
and ϕ
(1)
1 , we can write the second integral on the rhs of (3.9) as∫
∂D03
{
g0
2i
ϕ2− − 2
∆
[kϕ1− + ih0]
}
dk.
Therefore, equations (3.8) and (3.9) imply
2ipiΦ
(2)
1 (t) =
∫
∂D03
{
kΣΦ1
∆
− Σ
∆
Φ
(1)
1
}
−
dk +
∫
∂D03
{
g0
2i
ϕ2− − 2
∆
[kϕ1− + ih0]
}
dk
+
∫
∂D03
2k
∆
[
Φ1(ϕ¯2 − 1)e−2ikL − (Φ¯2 − 1)ϕ1
]
−dk. (3.11)
Using (3.7) and (3.11) in the first of equations (2.15b), we find (3.3a).
The expression (3.3b) for h1(t) can be derived in a similar way. Indeed, the second
of equations (2.15b) expresses h1 in terms of ϕ
(1)
2 and ϕ
(2)
1 . The coefficient ϕ
(1)
2 is
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given by (3.10), whereas ϕ
(2)
1 satisfies the following analog of equation (3.8):
ipiϕ
(2)
1 (t) =
∫
∂D3
[
kϕ1 − ϕ(1)1
]
−dk
=
∫
∂D03
{
kϕ1 − ϕ(1)1 −
2e2ikL
∆
[
kϕ1 − ϕ(1)1
]}
−
dk + J(t)
=
∫
∂D03
{
−kΣϕ1
∆
+
Σ
∆
ϕ
(1)
1
}
−
dk + J(t), (3.12)
where the function J(t) is defined by
J(t) =
∫
∂D03
{
2e2ikL
∆
[
kϕ1 − ϕ(1)1
]}
−
dk.
The last step involves using the global relation (2.12) to compute J(t):
J(t) =
∫
∂D03
{
− 2
∆
[
kc− Φ(1)1 +
ϕ
(1)
1 Φ¯
(1)
2
k
e2ikL + ϕ
(1)
1 e
2ikL
]}
−
dk
+
∫
∂D03
{
2
∆
ϕ
(1)
1 Φ¯
(1)
2
k
e2ikL +
2
∆
[kΦ1 − Φ(1)1 ]
}
−
dk (3.13)
+
∫
∂D03
2k
∆
[
Φ1(ϕ¯2 − 1)− (Φ¯2 − 1)ϕ1e2ikL
]
−dk.
The asymptotics (2.16) of c(t, k) and Cauchy’s theorem imply that the first integral
on the rhs of (3.13) equals −ipiϕ(2)1 (t). Moreover, we can write the second integral on
the rhs of (3.13) as ∫
∂D03
{
h0
2i
Φ2− +
2
∆
[kΦ1− + ig0]
}
dk.
Therefore, equations (3.12) and (3.13) imply
2ipiϕ
(2)
1 (t) =
∫
∂D03
{
−kΣϕ1
∆
+
Σ
∆
ϕ
(1)
1
}
−
dk +
∫
∂D03
{
h0
2i
Φ2− +
2
∆
[kΦ1− + ig0]
}
dk
+
∫
∂D03
2k
∆
[
Φ1(ϕ¯2 − 1)− (Φ¯2 − 1)ϕ1e2ikL
]
−dk. (3.14)
Using (3.10) and (3.14) in the second of equations (2.15b), we find (3.3b).
(b) In order to derive (3.4a) we note that the first of equations (2.15a) expresses
g0 in terms of Φ
(1)
1 . Furthermore, equations (2.13) and Cauchy’s theorem imply
− ipi
2
Φ
(1)
1 (t) =
∫
∂D2
Φ1dk =
∫
∂D4
Φ1dk. (3.15)
Thus,
ipiΦ
(1)
1 (t) =
(∫
∂D3
+
∫
∂D1
)
Φ1dk =
∫
∂D3
Φ1−dk =
∫
∂D03
Σ
∆
Φ1+dk + I(t), (3.16)
where the function I(t) is defined by
I(t) = −
∫
∂D03
2
∆
(e−2ikLΦ1)+dk.
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The last step involves using the global relation (2.12) to compute I(t):
I(t) = −
∫
∂D03
2
∆
(e−2ikLc)+dk +
∫
∂D03
2
∆
[
Φ1(ϕ¯2 − 1)e−2ikL − Φ¯2ϕ1
]
+
dk. (3.17)
The asymptotics (2.16) of c(t, k) and Cauchy’s theorem imply that the first term on
the rhs equals −ipiΦ(1)1 ; equations (3.16), (3.17), and the first of equations (2.15a)
yield (3.4a). The proof of (3.4b) is similar. 2
3.1. Effective characterizations. The substitution of the expressions (3.3) for g1(t),
h1(t) into (3.2) yields a system of quadratically nonlinear integral equations for
{Φj(t, k), ϕj(x, t)}21. This nonlinear system provides an effective characterization of
the spectral functions for the Dirichlet problem. In particular, given the Dirichlet data
g0(t) and h0(t), the system can be solved recursively to all orders in a well-defined
perturbative scheme. Indeed, substituting into (3.3) the expansions
Φj = Φj0 + Φj1 + 
2Φj2 + · · · , ϕj = ϕj0 + ϕj1 + 2ϕj2 + · · · , j = 1, 2,
g0 = g01 + 
2g02 + · · · , g1 = g11 + 2g12 + · · · ,
h0 = h01 + 
2h02 + · · · , h1 = h11 + 2h12 + · · · , (3.18)
where  > 0 is a small parameter, the terms of O(n) yield
g1n =
4
pii
∫
∂D03
{
Σ
2∆
[kΦ1n− + ig0n]− 1
∆
[kϕ1n− + ih0n]
}
dk + lower order terms,
(3.19a)
h1n =
4
pii
∫
∂D03
{
− Σ
2∆
[kϕ1n− + ih0n] +
1
∆
[kΦ1n− + ig0n]
}
dk + lower order terms.
(3.19b)
The terms of O(n) of the first and third equations in (3.2) yield
Φ1n(t, k) =
∫ t
0
e4ik
2(t′−t)(2kg0n(t′) + ig1n(t′))dt′ + lower order terms, (3.20a)
ϕ1n(t, k) =
∫ t
0
e4ik
2(t′−t)(2kh0n(t′) + ih1n(t′))dt′ + lower order terms. (3.20b)
The odd parts of the latter two equations yield
Φ1n−(t, k) = 4k
∫ t
0
e4ik
2(t′−t)g0n(t′)dt′ + lower order terms, (3.21a)
ϕ1n−(t, k) = 4k
∫ t
0
e4ik
2(t′−t)h0n(t′)dt′ + lower order terms. (3.21b)
It follows from (3.21) that Φ1n− and ϕ1n− can be determined at each step from the
known Dirichlet boundary values g0n and h0n; g1n and h1n can then be determined
from (3.19).
Similarly, the nonlinear system obtained by substituting the expressions (3.4) for
g0(t), h0(t) into (3.2) provides an effective characterization of the spectral functions
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for the Neumann problem. Indeed, the terms of O(n) of (3.4a)-(3.4b) yield
g0n(t) =
2
pi
∫
∂D03
1
∆
{
Σ
2
Φ1n+ − ϕ1n+
}
dk, (3.22a)
h0n(t) =
2
pi
∫
∂D01
1
∆
{
−Σ
2
ϕ1n+ + Φ1n+
}
dk, (3.22b)
while the even parts of (3.20) yield
Φ1n+(t, k) = 2i
∫ t
0
e4ik
2(t′−t)g1n(t′)dt′ + lower order terms,
ϕ1n+(t, k) = 2i
∫ t
0
e4ik
2(t′−t)h1n(t′)dt′ + lower order terms.
At each step in the perturbative scheme the functions Φ1n+ and ϕ1n+ can be de-
termined from the latter two equations and then g0n and h0n can be found from
(3.22).
3.2. The linear limit. The linear limit of (3.3a) yields g1 = g11 +O(
2) where
g11 =
4
pii
∫
∂D03
{
Σ
2∆
[kΦ11− + ig0n]− 1
∆
[kϕ11− + ih0n]
}
dk.
Equation (3.21) becomes
Φ11− = 4k
∫ t
0
e4ik
2(s−t)g01(s)ds, ϕ11− = 4k
∫ t
0
e4ik
2(s−t)h01(s)ds.
Thus,
g11 =
4
pii
∫
∂D03
{
Σ
∆
(
2k2
∫ t
0
e4ik
2(s−t)g01ds− g01
2i
)
− 4k
2
∆
∫ t
0
e4ik
2(s−t)h01ds+
h01
i∆
}
dk.
(3.23)
This coincides with the formula of appendix A, where the linearized equation iqt +
qxx = 0 is solved directly.
3.3. The large L limit. In the limit L → ∞, the representations for g1 and g0 of
theorem 3.1 reduce to the corresponding representations on the half-line. Indeed, as
L→∞,
h0 → 0, h1 → 0, ϕ1 → 0, ϕ2 → 1,
Σ
∆
→ 1 as k →∞ in D3, Σ
∆
→ −1 as k →∞ in D1.
Thus, the L→∞ limits of the representations (3.3a) and (3.4a) are
g1 =
4
pii
∫
∂D3
{
k
2
Φ1− − g0
2i
+
ig0
2
Φ2−
}
dk and g0 =
1
pi
∫
∂D03
Φ1+dk,
respectively, and these formulas coincide with the corresponding half-line formulas,
cf. [9].
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4. The GLM approach
In theorem 3.1 we derived effective representations for {g1, h1, g0, h0} in terms of
the eigenfunctions {Φj , ϕj}21. In what follows we will express the above boundary
values in terms of the GLM representations.
For a function f(t, s), we let fˆ(t, k) denote the transform
fˆ(t, k) =
∫ t
−t
e2ik
2(s−t)f(t, s)ds.
The eigenfunctions {Φj , ϕj}21 admit the following GLM representations
Φ1(t, k) = Lˆ1 − i
2
g0(t)Mˆ2 + kMˆ1, Φ2(t, k) = 1 + Lˆ2 +
iλ
2
g¯0Mˆ1 + kMˆ2, (4.1a)
ϕ1(t, k) = Lˆ1 − i
2
h0(t)Mˆ2 + kMˆ1, ϕ2(t, k) = 1 + Lˆ2 + iλ
2
h¯0Mˆ1 + kMˆ2, (4.1b)
where the functions {Lj(t, s),Mj(t, s),Lj(t, s),Mj(t, s)}21, −t < s < t, satisfy a non-
linear Goursat system (see [8]) together with the initial conditions
L1(t, t) =
i
2
g1(t), M1(t, t) = g0(t), L1(t, t) = i
2
h1(t), M1(t, t) = h0(t),
L2(t,−t) = M2(t,−t) = L2(t,−t) =M2(t,−t) = 0. (4.2)
Theorem 4.1. Define the function F (t, k) by
F (t, k) =
i
2
h0(t)e
2ikLMˆ2 − i
2
g0(t)Mˆ2 (4.3)
+
(
Lˆ2 − iλh0(t)
2
Mˆ1 + kMˆ2
)(
Lˆ1 − i
2
g0(t)Mˆ2 + kMˆ1
)
− e2ikL
(
Lˆ2 − iλg0(t)
2
Mˆ1 + kMˆ2
)(
Lˆ1 − i
2
h0(t)Mˆ2 + kMˆ1
)
,
where Lˆ2 is short-hand notation for Lˆ2(t, k¯) etc. Under the assumptions of theorem
3.1, the following formulas are valid:
(a) For the Dirichlet problem, the unknown boundary values g1 and h1 are given
by
g1(t) =
4
ipi
∫
∂D01
{
−2k
2
∆
[
Mˆ1(t, k)− h0(t)
2ik2
]
+
k2Σ
∆
[
Mˆ1(t, k)− g0(t)
2ik2
]
+
k
∆
(e−2ikLF (t, k))− +
ig0(t)
2
kMˆ2(t, k) +
kg0(t)
2i
Mˆ2(t, k¯)
}
dk, (4.4a)
h1(t) =
4
ipi
∫
∂D01
{
2k2
∆
[
Mˆ1(t, k)− g0(t)
2ik2
]
− k
2Σ
∆
[
Mˆ1(t, k)− h0(t)
2ik2
]
+
k
∆
(F (t, k))− +
ih0(t)
2
kMˆ2(t, k) + kh0(t)
2i
Mˆ2(t, k¯)
}
dk. (4.4b)
(b) For the Neumann problem, the unknown boundary values g0 and h0 are given
by
g0(t) =
2
pi
∫
∂D01
1
∆(k)
{
Σ(k)Lˆ1(t, k)− 2Lˆ1(t, k) + (e−2ikLF (t, k))+
}
dk, (4.5a)
h0(t) =
2
pi
∫
∂D01
1
∆(k)
{
−Σ(k)Lˆ1(t, k) + 2Lˆ1(t, k) + F+(t, k)
}
dk. (4.5b)
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Remark 4.2. The representations in (4.4) coincide with the representations (4.7)-
(4.8) in [8], except that the last two terms on the rhs of (4.4a), as well as the last two
terms on the rhs of (4.4b) were missed in [8]. These terms, which arise from somewhat
subtle boundary effects, are needed in order for equations (4.4) to be consistent with
the representations of theorem 3.1 and are also required in order to obtain the correct
large L limit.
Proof. Let us first consider the Dirichlet problem. In view of the GLM representations
(4.1), we may write the global relation (2.12a) as
−Lˆ1 + e2ikLLˆ1 = kMˆ1 − ke2ikLMˆ1 + F − c, (4.6)
where
F (t, k) =
i
2
h0(t)e
2ikLMˆ2 − i
2
g0(t)Mˆ2 + (ϕ¯2 − 1)Φ1 − e2ikL(Φ¯2 − 1)ϕ1. (4.7)
The expression of F can be expressed as in (4.3). Letting k → −k in (4.6), we find
−Lˆ1 + e−2ikLLˆ1 = −kMˆ1 + ke−2ikLMˆ1 + F (t,−k)− c(t,−k). (4.8)
Solving (4.6) and (4.8) for Lˆ1 and Lˆ1, we find
Lˆ1 = 2k
∆
Mˆ1 − kΣ
∆
Mˆ1 + 1
∆
(F − c)−, (4.9)
−Lˆ1 = 2k
∆
Mˆ1 − kΣ
∆
Mˆ1 − 1
∆
(e−2ikL(F − c))−. (4.10)
Multiplying these equations by ke4ik
2(t−t′), 0 < t′ < t, and integrating along ∂D01
with respect to dk, we obtain∫
∂D01
ke4ik
2(t−t′)Lˆ1dk =
∫
∂D01
2k2
∆
e4ik
2(t−t′)Mˆ1dk −
∫
∂D01
k2Σ
∆
e4ik
2(t−t′)Mˆ1dk
+
∫
∂D01
k
∆
e4ik
2(t−t′)F−dk, (4.11a)
−
∫
∂D01
ke4ik
2(t−t′)Lˆ1dk =
∫
∂D01
2k2
∆
e4ik
2(t−t′)Mˆ1dk −
∫
∂D01
k2Σ
∆
e4ik
2(t−t′)Mˆ1dk
−
∫
∂D01
k
∆
e4ik
2(t−t′)(e−2ikLF )−dk, (4.11b)
where we have used that the functions
k
∆
(c(t, k))− and
k
∆
(e−2ikLc(t, k))−
are bounded and analytic in D01, so that their contributions vanish by Jordan’s lemma.
The next step is to take the limit t′ ↑ t in (4.11). This can be achieved by using
the identities ∫
∂D1
ke4ik
2(t−t′)fˆ(t, k)dk =
{
pi
2 f(t, 2t
′ − t), 0 < t′ < t,
pi
4 f(t, t), 0 < t
′ = t,
(4.12)
and∫
∂D01
k2
∆
e4ik
2(t−t′)fˆ(t, k)dk (4.13)
= 2
∫
∂D01
k2
∆
[∫ t′
0
e4ik
2(τ−t′)f(t, 2τ − t)dτ − f(t, 2t
′ − t)
4ik2
]
dk, 0 < t′ < t.
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The identity (4.13) is also valid if k
2
∆ is replaced by k
2 or k
2Σ
∆ . Utilizing these identities
in (4.11), we find
pi
2
L1(t, 2t′ − t) = 4
∫
∂D01
k2
∆
[∫ t′
0
e4ik
2(τ−t′)M1(t, 2τ − t)dτ − M1(t, 2t
′ − t)
4ik2
]
dk
− 2
∫
∂D01
k2Σ
∆
[∫ t′
0
e4ik
2(τ−t′)M1(t, 2τ − t)dτ − M1(t, 2t
′ − t)
4ik2
]
dk
+
∫
∂D01
k
∆
e4ik
2(t−t′)F−(t, k)dk
and
−pi
2
L1(t, 2t
′ − t) = 4
∫
∂D01
k2
∆
[∫ t′
0
e4ik
2(τ−t′)M1(t, 2τ − t)dτ − M1(t, 2t
′ − t)
4ik2
]
dk
− 2
∫
∂D01
k2Σ
∆
[∫ t′
0
e4ik
2(τ−t′)M1(t, 2τ − t)dτ − M1(t, 2t
′ − t)
4ik2
]
dk
−
∫
∂D01
k
∆
e4ik
2(t−t′)(e−2ikLF (t, k))−dk.
Letting t′ ↑ t in these equations and using the initial conditions (4.2) as well as the
following lemma, we find the representations in (4.4).
Lemma 4.3.
lim
t′↑t
∫
∂D01
k
∆
e4ik
2(t−t′)F−(t, k)dk =
∫
∂D01
k
∆
F−(t, k)dk (4.14a)
+
ih0(t)
2
∫
∂D01
kMˆ2(t, k)dk +
∫
∂D01
kh0(t)
2i
Mˆ2(t, k¯)dk,
lim
t′↑t
∫
∂D01
k
∆
e4ik
2(t−t′)(e−2ikLF (t, k))−dk =
∫
∂D01
k
∆
(e−2ikLF (t, k))−dk (4.14b)
+
ig0(t)
2
∫
∂D01
kMˆ2(t, k)dk +
∫
∂D01
kg0(t)
2i
Mˆ2(t, k¯)dk.
Proof. We prove (4.14b); the proof of (4.14a) is similar. If one naively takes the limit
inside the integral in (4.14b), one finds the first term on the rhs of (4.14b). The other
two terms on the rhs of (4.14b) arise from interchanging the limit and the integration.
We will next describe how these terms arise in detail.
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We write∫
∂D01
k
∆
e4ik
2(t−t′)(e−2ikLF (t, k))−dk =
∫
∂D01
ke4ik
2(t−t′) ig0
2
Mˆ2dk
−
∫
∂D01
ke4ik
2(t−t′)
(
Lˆ2 − iλh0
2
Mˆ1
)(
Lˆ1 − i
2
g0Mˆ2
)
dk
− 2
∫
∂D01
k2
∆
e4ik
2(t−t′)
[(
Lˆ2 − iλg0
2
Mˆ1
)
Mˆ1 + Mˆ2
(
Lˆ1 − ih0
2
Mˆ2
)]
dk
+
∫
∂D01
k2Σ
∆
e4ik
2(t−t′)
[(
Lˆ2 − iλh0
2
Mˆ1
)
Mˆ1 +
(
Lˆ1 − ig0
2
Mˆ2
)
Mˆ2
]
dk
−
∫
∂D01
k3Mˆ2Mˆ1e4ik2(t−t′)dk. (4.15)
The first integral on the rhs of (4.15) yields the following contribution in the limit
t′ → t:
lim
t′↑t
ig0(t)
2
∫
∂D01
ke4ik
2(t−t′)Mˆ2(t, k)dk = lim
t′↑t
ig0(t)
2
pi
2
M2(t, 2t
′ − t) = ipig0(t)
4
M2(t, t).
On the other hand, utilizing the second row of (4.12),
ig0(t)
2
∫
∂D01
kMˆ2(t, k)dk =
ipig0(t)
8
M2(t, t).
Therefore,
lim
t′↑t
ig0(t)
2
∫
∂D01
ke4ik
2(t−t′)Mˆ2(t, k)dk =
ig0(t)
2
∫
∂D01
kMˆ2(t, k)dk (4.16)
+
ig0(t)
2
∫
∂D01
kMˆ2(t, k)dk.
The first term on the rhs of (4.16) is the contribution obtained by taking the limit
inside the integral; this term is included in the first term on the rhs of (4.14b). In
addition to this term, there is also an additional term arising from the interchange of
the limit and the integration; this is the second term on the rhs of (4.14b).
We now consider the last integral on the rhs of (4.15), which can be written as
−
∫
∂D01
k3Mˆ2Mˆ1e4ik2(t−t′)dk = −2
∫
∂D01
k3Mˆ2(t, k¯)
∫ t
0
e4ik
2(τ−t′)M1(t, 2τ − t)dτdk.
(4.17)
The rhs of (4.17) equals
−2
∫
∂D01
k3Mˆ2(t, k¯)
{∫ t′
0
e4ik
2(τ−t′)M1(t, 2τ − t)dτ − M1(t, 2t
′ − t)
4ik2
}
dk. (4.18)
Indeed, the rhs of (4.17) equals this term plus the following expression:
−2
∫
∂D01
k3Mˆ2(t, k¯)
{∫ t
t′
e4ik
2(τ−t′)M1(t, 2τ − t)dτ + M1(t, 2t
′ − t)
4ik2
}
dk.
Integration by parts shows that this integral vanishes by Jordan’s lemma, because
Mˆ2(t, k) is of O(1/k2) as k → ∞ within D4. Taking the limit t′ ↑ t in (4.18) and
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using (4.2), we find that the contribution of the last integral in (4.15) is
− lim
t′↑t
∫
∂D01
k3Mˆ2Mˆ1e4ik2(t−t′)dk = −
∫
∂D01
k3Mˆ2Mˆ1dk +
∫
∂D01
kg0(t)
2i
Mˆ2dk.
The first term on the rhs is the contribution obtained by taking the limit inside the
integral. In addition to this term, there is also an additional term arising from the
interchange of the limit and the integration; this is the third term on the rhs of
(4.14b).
Finally, we claim that the limits of the second, third, and fourth integrals on the
rhs of (4.15) can be computed by simply taking the limit inside the integral, i.e. in
these cases no additional terms arise. We show this for the term
I :=
∫
∂D01
k2Σ
∆
e4ik
2(t−t′)
(
Lˆ2 − iλh0
2
Mˆ1
)
Mˆ1dk;
the proofs for the other terms are similar. We have
I = 2
∫
∂D01
k2Σ
∆
(
Lˆ2 − iλh0
2
Mˆ1
)∫ t
0
e4ik
2(τ−t′)M1(t, 2τ − t)dτdk.
We can write this as
I = 2
∫
∂D01
k2Σ
∆
(
Lˆ2 − iλh0
2
Mˆ1
)[∫ t′
0
e4ik
2(τ−t′)M1(t, 2τ − t)dτ − M1(t, 2t
′ − t)
4ik2
]
dk.
Indeed, the difference between the preceding two expressions,
2
∫
∂D01
k2Σ
∆
(
Lˆ2 − iλh0
2
Mˆ1
)[∫ t
t′
e4ik
2(τ−t′)M1(t, 2τ − t)dτ + M1(t, 2t
′ − t)
4ik2
]
dk,
vanishes by integration by parts and Jordan’s lemma, since Lˆ2 and Mˆ1 are of O(1/k2)
as k →∞ in D4. Taking the limit t′ ↑ t, we find
lim
t′↑t
∫
∂D01
k2Σ
∆
e4ik
2(t−t′)
(
Lˆ2 − iλh0
2
Mˆ1
)
Mˆ1dk
=
∫
∂D01
k2Σ
∆
(
Lˆ2 − iλh0
2
Mˆ1
)[
Mˆ1(t, k)− g0(t)
2ik2
]
dk.
However, in this case the additional term
−
∫
∂D01
k2Σ
∆
(
Lˆ2 − iλh0
2
Mˆ1
)
g0(t)
2ik2
dk,
vanishes because the integrand is analytic and of O(1/k2) as k → ∞ in D1. This
completes the proof of lemma 4.3. 2
We now return to theorem 4.1 and consider the Neumann problem. Solving (4.6)
and (4.8) for Mˆ1 and Mˆ1, we find
kMˆ1 = 2
∆
Lˆ1 − Σ
∆
Lˆ1 + 1
∆
(F − c)+, (4.19)
kMˆ1 =
Σ
∆
Lˆ1 − 2
∆
Lˆ1 + 1
∆
(e−2ikL(F − c))+. (4.20)
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Multiplying these equations by ke4ik
2(t−t′), 0 < t′ < t, and integrating along ∂D01
with respect to dk, we find
pi
2
M1(t, 2t′ − t) =
∫
∂D01
e4ik
2(t−t′)
{
2
∆
Lˆ1 − Σ
∆
Lˆ1 + 1
∆
F+
}
dk,
pi
2
M1(t, 2t
′ − t) =
∫
∂D01
e4ik
2(t−t′)
{
Σ
∆
Lˆ1dk − 2
∆
Lˆ1 + 1
∆
(e−2ikLF )+
}
dk,
where we used that the functions
1
∆
(c(t, k))+,
1
∆
(e−2ikLc(t, k))+
are bounded and analytic in the interior of ∂D01 so that their contributions vanish
by Jordan’s lemma. Letting t′ ↑ t in these equations and using the initial conditions
(4.2) as well as the following lemma, we find the representations in (4.5).
Lemma 4.4.
lim
t′↑t
∫
∂D01
1
∆
e4ik
2(t−t′)F+(t, k)dk =
∫
∂D01
1
∆
F+(t, k)dk, (4.21a)
lim
t′↑t
∫
∂D01
1
∆
e4ik
2(t−t′)(e−2ikLF (t, k))+dk =
∫
∂D01
1
∆
(e−2ikLF (t, k))+dk. (4.21b)
Proof. Note that∫
∂D01
1
∆
e4ik
2(t−t′)F+(t, k)dk =
∫
∂D01
1
∆
e4ik
2(t−t′)
{
i
2
h0(t)ΣMˆ2 − ig0(t)Mˆ2
+ 2
(
Lˆ2 − iλh0
2
Mˆ1
)(
Lˆ1 − i
2
g0(t)Mˆ2
)
+ 2k2Mˆ2Mˆ1
− Σ
(
Lˆ2 − iλg0
2
Mˆ1
)(
Lˆ1 − i
2
h0(t)Mˆ2
)
−∆kMˆ2
(
Lˆ1 − i
2
h0(t)Mˆ2
)
−∆
(
Lˆ2 − iλg0
2
Mˆ1
)
kMˆ1 − Σk2Mˆ2Mˆ1
}
.
Equation (4.21a) now follows by using arguments similar to those that led to lemma
4.3. The proof of (4.21b) is similar. This completes the proof of lemma 4.4 and hence
of theorem 4.1. 2
4.1. Equivalence of the two representations. We will show that the representa-
tions derived using the GLM approach in theorem 4.1 coincide with those of theorem
3.1.
4.1.1. The representations for g1 and h1. Using the expression (4.7) for F as well as
the formulas
Mˆj =
1
2k
Φj−, Mˆj = 1
2k
ϕj−, j = 1, 2,
we can write the representation (4.4a) of g1 as
g1(t) =
4
ipi
∫
∂D01
{
− 1
∆
[kϕ1− + ih0(t)] +
Σ
2∆
[kΦ1−(k) + ig0(t)]
+
k
∆
[
(ϕ¯2 − 1)Φ1e−2ikL − (Φ¯2 − 1)ϕ1
]
−
− k
∆
[
e−2ikL
ig0
4k
Φ2−
]
−
+
ig0(t)
4
Φ2− +
g0(t)
4i
ϕ¯2−
}
dk,
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The identities ∫
∂D01
ϕ2−(t, k¯)dk = −piiϕ(1)2 = piiϕ(1)2 =
∫
∂D01
ϕ2−dk,
imply that the function ϕ¯2− in the above integrand can be replaced with ϕ2−. More-
over, since the integrand is an odd function of k, the contour ∂D01 can be replaced
with ∂D03. In view of the identity
− k
∆
[
e−2ikL
ig0
4k
Φ2−
]
−
+
ig0(t)
4
Φ2− =
ig0(t)
2
Φ2−,
we find the representation for g1 in (3.3a). Similar computations show that the
representations for h1 are also equivalent.
4.1.2. The representations for g0 and h0. Using the expression (4.7) for F as well as
the formulas
Φ1+ = 2Lˆ1 − ig0Mˆ2, ϕ1+ = 2Lˆ1 − ih0Mˆ2,
a straightforward computation shows that the representations (3.4) and (4.5) are
equivalent.
Appendix A. The linear limit
In this appendix we analyze the linearized version of the NLS equation, iqt+qxx = 0,
on the interval [0, L] using the unified method of [4]. The global relation for this
equation is (cf. equation (2.8) in [7])
qˆ0(k)− g˜(ik2) + e−ikLh˜(ik2) = eik2T qˆT (k), k ∈ C, (A.1)
where
qˆ0(k) =
∫ L
0
e−ikxq0(x)dx, qˆT (k) =
∫ L
0
e−ikxq(x, T )dx,
g˜(k) = −kg˜0(ik2) + ig˜1(ik2), h˜(k) = −kh˜0(ik2) + ih˜1(ik2),
g˜j(ik
2) =
∫ T
0
eik
2sgj(s)ds, h˜j(ik
2) =
∫ T
0
eik
2shj(s)ds, j = 0, 1,
and gj(t), hj(t), j = 0, 1, denote the Dirichlet and Neumann boundary values as in
(2.2). Equation (A.1) and the equation obtained by letting k → −k in (A.1) are the
following equations:
qˆ0(k) + kg˜0(ik
2)− ig˜1(ik2)− kh˜0(ik2)e−ikL + ih˜1(ik2)e−ikL = eik2T qˆT (k),
qˆ0(−k)− kg˜0(ik2)− ig˜1(ik2) + kh˜0(ik2)eikL + ih˜1(ik2)eikL = eik2T qˆT (−k).
Eliminating h˜1 from these equations and then solving for g˜1, we find
g˜1(ik
2) =
i
∆(k/2)
[
eik
2T (eikLqˆT (k))− − (eikLqˆ0(k))− − kΣ(k/2)g˜0(ik2) + 2kh˜0(ik2)
]
.
Multiplying this equation by ke−ik2t and integrating along ∂D01 with respect to dk,
the term involving qˆT is eliminated and we find
pig1 =
∫
∂D01
ike−ik2t
∆(k/2)
[
−(eikLqˆ0(k))− − kΣ(k/2)g˜0(ik2) + 2kh˜0(ik2)
]
.
Assuming that q0 = 0 and performing the change of variables k = −2l, we find
g1(t) =
4
pii
∫
∂D03
[
2l2Σ(l)
∆(l)
∫ T
0
e4il
2(s−t)g0(s)ds− 4l
2
∆(l)
∫ T
0
e4il
2(s−t)h0(s)ds
]
dl.
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Using the identity∫
∂D03
k2
∆(k)
∫ T
0
e4ik
2(s−t)K(s, T )dsdk (A.2)
=
∫
∂D03
k2
∆(k)
[∫ t
0
e4ik
2(s−t)K(s, T )ds− K(t, T )
4ik2
]
dk, 0 < t < T,
and a similar identity obtained by replacing k
2
∆(k) by
k2Σ(k)
∆(k) in (A.2), we arrive at
g1(t) =
4
pii
∫
∂D03
{
2l2Σ(l)
∆(l)
∫ t
0
e4il
2(s−t)g0(s)ds− Σ(l)g0
2i∆(l)
− 4l
2
∆(l)
∫ t
0
e4il
2(s−t)h0(s)ds+
h0
i∆(l)
}
dl,
which coincides with formula (3.23) for g11.
Appendix B. The asymptotics of c(t, k)
We will prove lemma 2.1. We will make no assumption on the function c(t, k) except
that it satisfies the global relation (2.7) and that it has the boundedness properties
stated in (2.8). The functions {Φj , ϕj}21 satisfy the systems{
Φ1t = −4ik2Φ1 − iλ|g0|2Φ1 + (2kg0 + ig1)Φ2,
Φ2t = λ(2kg¯0 − ig¯1)Φ1 + λi|g0|2Φ2,
(B.1)
and {
ϕ1t = −4ik2ϕ1 − iλ|h0|2ϕ1 + (2kh0 + ih1)ϕ2,
ϕ2t = λ(2kh¯0 − ih¯1)ϕ1 + λi|h0|2ϕ2.
(B.2)
In view of the initial conditions
Φ1(0, k) = ϕ1(0, k) = 0, Φ2(0, k) = ϕ2(0, k) = 1,
this leads to the asymptotic expansions(
Φ1(t, k)
Φ2(t, k)
)
=
(
0
1
)
+
(
Φ
(1)
1 (t)
Φ
(1)
2 (t)
)
1
k
+
(
Φ
(2)
1 (t)
Φ
(2)
2 (t)
)
1
k2
+O
( 1
k3
)
+
[(
−Φ(1)1 (0)
0
)
1
k
+
(
−Φ(2)1 (0) + Φ(1)1 (0)
∫ (0,t)
(0,0) ω
− iλ2 g¯0(t)Φ
(1)
1 (0)
)
1
k2
+O
( 1
k3
)]
e−4ik
2t,
k →∞, k ∈ C,(
ϕ1(t, k)
ϕ2(t, k)
)
=
(
0
1
)
+
(
ϕ
(1)
1 (t)
ϕ
(1)
2 (t)
)
1
k
+
(
ϕ
(2)
1 (t)
ϕ
(2)
2 (t)
)
1
k2
+O
( 1
k3
)
+
[(
−ϕ(1)1 (0)
0
)
1
k
+
(
−ϕ(2)1 (0) + ϕ(1)1 (0)
∫ (L,t)
(L,0) ω
− iλ2 h¯0(t)ϕ
(1)
1 (0)
)
1
k2
+O
( 1
k3
)]
e−4ik
2t,
k →∞, k ∈ C.
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Similarly, we have(
b(k)
a(k)
)
=
(
0
1
)
+
(
b(1)
a(1)
)
1
k
+
(
b(2)
a(2)
)
1
k2
+O
( 1
k3
)
(B.3)
+
[(
− q0(L)2i
0
)
1
k
+
(
β(2)
α(2)
)
1
k2
+O
( 1
k3
)]
e2ikL, k →∞, k ∈ C.
Substituting these expansions into the global relation (2.7), we find
c(t, k) =
{
O
( 1
k2
)
+O
( 1
k2
)
e2ikL
}
e4ik
2t
+
{
b(1) − Φ(1)1 (0)
k
+O
( 1
k2
)
+
(
ϕ
(1)
1 (0)− q0(L)2i
k
+O
( 1
k2
))
e2ikL
}
e−4ik
2t
+
Φ
(1)
1 (t)
k
+
Φ
(2)
1 (t) + Φ
(1)
1 (t)
(
a(1) + ϕ¯
(1)
2 (t)
)
k2
+O
( 1
k3
)
(B.4)
−
{
ϕ
(1)
1 (t)
k
+
ϕ
(2)
1 (t) + ϕ
(1)
1 (t)
(
a¯(1) + Φ¯
(1)
2 (t)
)
k2
+O
( 1
k3
)}
e2ikL,
k →∞, k ∈ C.
The assumption that c(t, k) is of O((1 + e2ikL)/k) as k → ∞ implies that the terms
in (B.4) involving e−4ik2t and e4ik2t must vanish, i.e. for consistency we require
b(1) = Φ
(1)
1 (0),
q0(L)
2i
= ϕ
(1)
1 (0). (B.5)
Using the expressions for b(1), Φ
(1)
1 (0), and ϕ
(1)
1 (0), we find that equations (B.5) are
valid iff the initial and boundary conditions are compatible, i.e. iff
q0(0) = g0(0), q0(L) = h0(0).
Appendix C. A non-effective characterization
The representations of g1 and h1 derived in theorem 3.1 yield an effective char-
acterization of the spectral functions {A(k), B(k),A(k),B(k)} in the sense that the
resulting nonlinear system can be solved uniquely at each step in a well-defined per-
turbative scheme.
In what follows we present a set of non-effective formulas (cf. Eqs. (14)-(16) in
[3]). Let
R(0, t, k) =
(
d(t, k¯) c(t, k)
λc(t, k¯) d(t, k)
)
, (C.1)
where R is defined in (2.9). It follows from (2.10) that R satisfies
Rt = −2ik2[σ3, R] + Q˜(0, t, k)R−ReikLσˆ3Q˜(L, t, k).
This implies that {c, d} satisfy the system
ct = −4ik2c− λi(|g0|2 + |h0|2)c+ (2kg0 + ig1)d− (2kh0 + ih1)e2ikLd¯, (C.2a)
dt = λi(|g0|2 − |h0|2)d+ λ(2kg¯0 − ig¯1)c− λ(2kh0 + ih1)e2ikLc¯, (C.2b)
c(0, k) = b(k), d(0, k) = a(k), (C.2c)
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where c¯ and d¯ are short-hand notations for c(t, k¯) and d(t, k¯), respectively. Let us
consider the Neumann problem. Integration by parts in (2.9) shows that1
c(t, k) =
{
g0
2ik +O(k
−2) +O(e2ikLk−1), k ∈ C+,
e2ikL
(− h02ik +O(k−2))+O(k−1), k ∈ C−, k →∞.
This gives the representations
g0(t) = − 1
pi
∫ ∞
−∞
c+(t, k)dk, (C.3a)
h0(t) = − 1
pi
∫ ∞
−∞
[cos(2kL)c+(t, k)− i sin(2kL)c−(t, k)]dk, (C.3b)
which can be used to eliminate {g0, h0} from (C.2). The resulting system for {c, d}
is formulated only in terms of {g1, h1}. However, this system is not effective. Indeed,
substituting into (C.2)-(C.3) the expansions
d = 1 + 2d2 + · · · , c = c1 + 2c2 + · · · ,
the terms of O(n) yield
(e4ik
2
cn)t = e
4ik2
[
2kg0n + ig1n − (2kh0n + ih1n)e2ikL
]
+ lower order terms (C.4)
and
g0n = − 1
pi
∫ ∞
−∞
cn+dk, h0n = − 1
pi
∫ ∞
−∞
[cos(2kL)cn+ − i sin(2kL)cn−]dk.
Thus, in order to determine {g0n, h0n} at each step of the perturbative scheme, we
need to know the combinations cn+ and cos(2kL)cn+− i sin(2kL)cn−. Equation (C.4)
shows that these combinations satisfy{
e4ik
2
cn+
}
t
= e4ik
2[
2ig1n − 2kh0n∆(k)− ih1nΣ(k)
]
+ lower order terms, (C.5a){
e4ik
2[
cos(2kL)cn+ − i sin(2kL)cn−
]}
t
= e4ik
2[−2kg0n∆(k) + ig1nΣ(k)− 2ih1n]
+ lower order terms. (C.5b)
Although the function g0n has been eliminated from the rhs of (C.5a), the function
h0n remains unknown. Similarly, although the function h0n has been eliminated from
the rhs of (C.5b), the function g0n remains unknown. This shows that the solution is
not effective.
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